Abstract. We discuss the semi-nonparametric approach of Gallant and Nychka (1987, Econometrica 55: 363-390), the semiparametric maximum likelihood approach of Klein and Spady (1993, Econometrica 61: 387-421), and a set of new Stata commands for semiparametric estimation of three binary-choice models. The first is a univariate model, while the second and the third are bivariate models without and with sample selection, respectively. The proposed estimators are √ n consistent and asymptotically normal for the model parameters of interest under weak assumptions on the distribution of the underlying error terms. Our Monte Carlo simulations suggest that the efficiency losses of the semi-nonparametric and the semiparametric maximum likelihood estimators relative to a maximum likelihood correctly specified estimator of a parametric probit are rather small. On the other hand, a comparison of these estimators in non-Gaussian designs suggests that semi-nonparametric and semiparametric maximum likelihood estimators substantially dominate the parametric probit maximum likelihood estimator.
Introduction
The parameters of discrete-choice models are typically estimated by maximum likelihood (ML) after imposing assumptions on the distribution of the underlying error terms. If the distributional assumptions are correctly specified, then parametric ML estimators are known to be consistent and asymptotically efficient. However, as discussed at length in the semiparametric literature, departures from the distributional assumptions may lead to inconsistent estimation. This problem has motivated the development of several semiparametric estimation procedures which consistently estimate the model parameters under less restrictive distributional assumptions. Semiparametric estimation of binary-choice models has been considered by Manski (1975) ; Cosslett (1983) ; Gallant and Nychka (1987) ; Powell, Stock, and Stoker (1989) ; Horowitz (1992) ; Ichimura (1993) ; and Klein and Spady (1993) , among others.
In this article, I discuss the semi-nonparametric (SNP) approach of Gallant and Nychka (1987) , the semiparametric maximum likelihood (SML) approach of Klein and Spady (1993) , and a set of new Stata commands for semiparametric estimation of univariate and bivariate binary-choice models. The SNP approach of Gallant and Nychka (1987) , originally proposed for estimation of density functions, was adapted to estimation of univariate and bivariate binary-choice models by Gabler, Laisney, and Lechner (1993) and De Luca and Peracchi (2007) , respectively.
1 A generalization of the SML estimator of Klein and Spady (1993) for semiparametric estimation of bivariate binarychoice models with sample selection was provided by Lee (1995) . The SNP and SML approaches differ from the parametric approach because they can handle a broader class of error distributions. The SNP and SML approaches differ from each other in how they approximate the unknown distributions. The SNP approach uses a flexible functional form to approximate the unknown distribution while the SML approach uses kernel functions.
The remainder of the article is organized as follows. In section 2, I briefly review parametric specification and ML estimation of three binary-choice models of interest. SNP and SML estimation procedures, the underlying identifiability restrictions, and the asymptotic properties of the corresponding estimators are discussed in sections 3 and 4, respectively. Section 5 describes the syntax and the options of the Stata commands, while section 6 provides some examples. Monte Carlo evidence on the small-sample performances of the SNP and SML estimators relative to the parametric probit estimator is presented in section 7.
Parametric ML estimation
A univariate binary-choice model is a model for the conditional probability of a binary indicator. This model is typically represented by the following threshold crossing model,
where Y * is a latent continuous random variable, X is a k vector of exogenous variables, θ = (α, β) is a (k + 1) vector of unknown parameters, and U is a latent regression error. The latent variable Y * is related to its observable counterpart Y through the observation rules (2), where 1{A} is the indicator function of the event A. If the latent regression error U is assumed to follow a standardized Gaussian distribution, then model (1)- (2) is known as a probit model.
2 In this case, the log-likelihood function for a random sample of n observations (Y 1 , X 1 ), . . . , (Y n , X n ) is of the form
where π i (θ) = Pr(Y i = 1|X) = Φ(µ i ) is the conditional probability of observing a positive outcome, Φ(·) is the standardized Gaussian distribution function, and µ i = 1. Our Stata command for SNP estimation of univariate binary-choice models can be considered a specific version of the command provided by Stewart (2004) for SNP estimation of ordered-choice models. Nevertheless, the proposed routine is faster, more accurate, and allows more estimation options. 2. The normalization of the variance is necessary because the vector of parameters θ can be identified only up to a scale coefficient.
α + β ⊤ X i . An ML estimator of the parameter vector θ can be obtained by maximizing the log-likelihood function (3) over the parameter space Θ = ℜ k+1 .
If we are interested in modeling the joint probability of two binary indicators Y 1 and Y 2 , a simple generalization of model (1)- (2) is the following bivariate binary-choice model
where the Y * j are latent variables for which only the binary indicators Y j can be observed, the X j are k j vectors of (not necessary distinct) exogenous variables, the θ j = (α j , β j ) are (k j + 1) vectors of unknown parameters, and the U j are latent regression errors. When U 1 and U 2 have a bivariate Gaussian distribution with zero means, unit variances, and correlation coefficient ρ, model (4)- (5) is known as a bivariate probit model. Because Y 1 and Y 2 are fully observable, the vectors of parameters θ 1 and θ 2 can always be estimated consistently by separate estimation of two univariate probit models, one for Y 1 and one for Y 2 . However, when the correlation coefficient ρ is different from zero, it is more efficient to estimate the two equations jointly by maximizing the log-likelihood function
where θ = (θ 1 , θ 2 , ρ), and the probabilities underlying the four possible realizations of the two binary indicators Y 1 and Y 2 are given by
where Φ 2 (·, ·; ρ) is the bivariate Gaussian distribution function with zero means, unit variances, and correlation coefficient ρ, and µ j = α j + β ⊤ j X j . An ML estimator θ maximizes the log-likelihood function (6) over the parameter space Θ = ℜ k1+k2+2 × (−1, 1).
Consider a bivariate binary-choice model with sample selection where the indicator Y 1 is always observed, while the indicator Y 2 is assumed to be observed only for the subsample of n 1 observations (with n 1 < n) for which Y 1 = 1. The model can be written as
When the latent regression errors U 1 and U 2 have a bivariate Gaussian distribution with zero means, unit variances, and correlation coefficient ρ, model (7)- (9) is known as a bivariate probit model with sample selection. Unlike the case of full observability, the presence of sample selection has two important implications. First, ignoring the potential correlation between the two latent regression errors may lead to inconsistent estimates of θ 2 = (α 2 , β 2 ) and inefficient estimates of θ 1 = (α 1 , β 1 ). Second, identifiability of the model parameters requires imposing at least one exclusion restriction on the two sets of exogenous covariates X 1 and X 2 (Meng and Schmidt 1985) . Construction of the log-likelihood function for joint estimation of the overall vector of model parameters θ = (θ 1 , θ 2 , ρ) is straightforward after noticing that the data identify only three possible events:
, and (Y 1 = 0). Thus the log-likelihood function for a random sample of n observations is
where π 0 = π 00 + π 01 . An ML estimator θ maximizes the log-likelihood function (10) over the parameter space Θ = ℜ k1+k2+2 × (−1, 1).
SNP estimation
The basic idea of SNP estimation is to approximate the unknown densities of the latent regression errors by Hermite polynomial expansions and use the approximations to derive a pseudo-ML estimator for the model parameters. Once we relax the Gaussian distributional assumption, a semiparametric specification of the likelihood function is needed. For the three binary-choice models considered in this article, semiparametric specifications of the log-likelihood functions have the same form as (3), (6), and (10), respectively, with the probability functions replaced by
where F j is the unknown marginal distribution function of the latent regression error U j , j = 1, 2, and F is the unknown joint distribution function of (U 1 , U 2 ). 4. The marginal probability function is defined by π 1 (θ 1 ) = 1 − F 1 (−µ 1 ). 5. The probability functions underlying the probit specifications can be easily obtained from these general expressions by exploiting the symmetry of the Gaussian distribution.
Following Gallant and Nychka (1987) , we approximate the unknown joint density, f , of the latent regression errors by a Hermite polynomial expansion of the form
where φ(·) is the standardized Gaussian density,
2 is a polynomial in u 1 and u 2 of order R = (R 1 , R 2 ), and
is a normalization factor that ensures f * is a proper density. As shown by Gallant and Nychka (1987) , the class of densities that can be approximated by this polynomial expansion includes densities with arbitrary skewness and kurtosis but excludes violently oscillatory densities or densities with tails that are too fat or too thin.
6 Our approximation to the joint density function of U 1 and U 2 differs from that originally proposed by Gallant and Nychka (1987) only because the order of the polynomial τ R (u 1 , u 2 ) is not restricted to be the same for U 1 and U 2 . Although asymptotic properties of the SNP estimator require that both R 1 and R 2 increase with the sample size, there is no reason to impose that R 1 = R 2 in finite samples. For instance, different orders of R 1 and R 2 can help account for either departures from Gaussianity along one single component, or different sample sizes on Y 1 and Y 2 arising in the case of sample selection.
Since the polynomial expansion in (11) is invariant to multiplication of the vector of parameters τ = (τ 00 , τ 01 , . . . , τ R1R2 ) by a scalar, some normalization is needed. Setting τ 00 = 1, expanding the square of the polynomial in (11) and rearranging terms gives
, and b k = min(k, R 2 ). Integrating f * (u 1 , u 2 ) alternatively with respect to u 2 and u 1 gives the following approximations to the marginal densities f 1 and f 2
6. Further details on the smoothness conditions defining this class of densities can be found in Gallant and Nychka (1987, 369) .
where m h and m k are the hth and the kth central moments of the standardized Gaussian distribution,
As for the bivariate density function, γ 10 and γ 20 are normalized to one by imposing that τ h0 = τ 0k = 0 for all h = 1, . . . , R 1 and k = 1, . . . , R 2 . Thus, if γ 1h = 0 for all h ≥ 1, then ψ R = 1 and so the approximation f * 1 coincides with the standard normal density. Similarly, the approximation f * 2 coincides with the standard normal density when γ 2k = 0 for all k ≥ 1.
Adopting the SNP approximation to the density of the latent regression errors does not guarantee that they have zero mean and unit variance. The zero-mean condition implies that some location restriction needs to be imposed on either the distributions of the error terms, or the systematic part of the model. For the univariate model, Gabler, Laisney, and Lechner (1993) impose restrictions on the SNP parameters to guarantee that the error term has zero mean. For the bivariate model, this approach is quite complex. Therefore, we follow the alternative approach of Melenberg and van Soest (1996) and set the two intercept coefficients α 1 and α 2 to their parametric estimates. The parametric probit and the SNP estimates are not directly comparable because the SNP approximation does not have unit variance. However, as shown in section 6, one can compare the ratio of the estimated coefficients.
After accounting for the above restrictions, the total number of estimated parameters is (k 1 + R 1 ) in the univariate SNP model and (k 1 + k 2 + R 1 R 2 ) in the bivariate SNP model. Clearly, such models are not identified if the number of independent probabilities is lower than the number of free parameters to be estimated.
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Subject to these identifiability restrictions, integrating the joint density (11) gives the following approximation to the joint distribution function F
Similarly, integrating the marginal densities (12) and (13) gives the following approximations to the marginal distribution functions F 1 and F 2 , where
with A 0 (u j ) = 0, A 1 (u j ) = 1, and A r (u j ) = (r − 1)A r−2 (u j ) + u r−1 j , j = 1, 2. These approximations imply that the univariate probit model is always nested in the univariate SNP model, while the bivariate probit model is nested in the corresponding SNP model only if the correlation coefficient ρ is equal to zero. This result is due to two points. First, the leading terms in the SNP approximations to the marginal distribution functions F 1 and F 2 are Gaussian distribution functions and the remaining terms are products of Gaussian densities and polynomials of orders (2R 1 − 1) and (2R 2 − 1), respectively. Second, the leading term in the approximation to the joint distribution function F is the product of two Gaussian distribution functions and the remaining terms are complicated functions of u 1 and u 2 .
SNP estimators can be obtained by maximizing the pseudo-log-likelihood functions (3), (6), and (10), respectively, in which the unknown distribution functions F , F 1 , and F 2 are replaced by their approximations F * , F * 1 , and F * 2 . As shown by Gallant and Nychka (1987) , the resulting pseudo-ML estimators are √ n consistent provided that both R 1 and R 2 increase with the sample size. Although Gallant and Nychka (1987) provide consistency results for the SNP estimators, they do not provide distributional theory. However, when R 1 and R 2 are treated as known, inference can be conducted as though the model was estimated parametrically. The underlying assumption is that, for fixed values of R 1 and R 2 , the true joint density function f belongs to the class of densities that can be approximated by the Hermite polynomial expansion in (11). Thus the SNP model can be considered as a flexible parametric specification for fixed values of R 1 and R 2 , with the choice of R 1 and R 2 as part of the model-selection procedure. In practice, for a given sample size, the values of R 1 and R 2 may be selected either through a sequence of likelihood-ratio tests or by model selection criteria such as the Akaike information criterion or the Bayesian information criterion.
SML estimation
The basic idea of the SML estimation procedure is that of maximizing a pseudo-loglikelihood function in which the unknown probability functions are locally approximated by nonparametric kernel estimators.
Consider first SML estimation of a univariate binary-choice model. Before describing the estimation procedure in detail, we discuss nonparametric identification of the vector of parameters θ = (α, β). As for the SNP estimation procedure, the intercept coefficient α can be absorbed into the unknown distribution function of the error term and is not separately identified. Furthermore, the slope coefficients β can only be identified up to a scale parameter. In this case, however, the scale normalization must be based on a continuous variable with a nonzero coefficient and it must be directly imposed on the estimation process.
8 Per Pagan and Ullah (1999) , these location-scale normalizations can be obtained by imposing the linear index restriction
where υ(X; δ) = X 1 + δ ⊤ X 2 , X 1 is a continuous variable with a nonzero coefficient, X 2 are the other covariates, and δ = (δ 2 , . . . , δ k ) is the vector of identifiable parameters with δ j = β j /β 1 . The index restriction is also useful to reduce the dimension of the covariate space thereby avoiding the curse of dimensionality problem.
Under the index restriction, one can use Bayes Theorem to write
where P = Pr{Y = 1} is the unconditional probability of observing a positive outcome and g(·) is the conditional density of υ(X; δ) given Y . As in Klein and Spady (1993) , a nonparametric estimator of g 1υ {υ(X; δ)} = P g{υ(X; δ) | Y = 1} in the numerator of (14) is given by
is a kernel function, and h n is a bandwidth parameter which satisfies the restriction n −1/6 < h n < n −1/8 . A nonparametric estimator of g 0υ {υ(X; δ)} = (1 − P ) g{υ(X; δ) | Y = 0} in the denominator of (14) can be defined in a similar way by replacing y j with (1 − y j ). To reduce the bias generated by kernel density estimation, Klein and Spady (1993) suggest using either bias-reducing kernels, or adaptive kernels with a variable and data-dependent bandwidth. For simplicity, we use a Gaussian kernel with a fixed-bandwidth parameter.
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An SML estimator δ maximizes the pseudo-log-likelihood functions (3) where the unknown probability function π(δ) is replaced by a nonparametric estimate of the form Klein and Spady (1993) show that, under mild regularity conditions, the resulting SML estimator is √ n consistent, asymptotically normal, and achieves the semiparametric efficiency bound of Chamberlain (1986) and Cosslett (1987) . In establishing the asymptotic 8. See Klein and Spady (1993, assumption C.3b ). 9. Results of preliminary Monte Carlo simulations suggest that using a Gaussian kernel with a fixed bandwidth does not affect the small-sample performance of the SML estimator, by much. 10. If the densities g 1υ {υ(X; δ)} and g 0υ {υ(X; δ)} are estimated by kernel methods with the same bandwidth parameter, then the estimator in (15) corresponds to a Nadaraya-Watson kernel estimator for the expected value of Y conditional on the index υ(X; δ).
properties of this estimator, a trimming function is used to downweight observations for which the corresponding densities are small. Because the Klein and Spady (1993) simulation results suggest that trimming is not important in practical applications, we ignore trimming.
When generalizing the SML estimator to bivariate binary-choice models with sample selection, the relevant issue is nonparametric estimation of the conditional probability
As for the univariate model, we assume that the model satisfies the double-index restriction
where the υ(X j ; δ j ) = X j1 +δ ⊤ j X j2 , j = 1, 2, are linear indexes, the X j1 are continuous variables with nonzero coefficients, the X j2 are the remaining covariates, and the δ j = (δ j2 , . . . , δ jkj ) are vectors of identifiable parameters with δ jh = β jh /β j1 . As argued by Ichimura and Lee (1991) , nonparametric identification of a double-index model requires the existence a distinct continuous variable for each index. Thus, unlike the parametric or the SNP specification of the model, exclusion restrictions should now include some continuous variables.
Subject to these identifiability restrictions, Bayes Theorem implies that
is the conditional density of υ given Y 1 and Y 2 . A nonparametric estimator of the density
where n 1 is the subsample of observations for which Y 1 = 1, and K 2 (·) is the product of two univariate Gaussian kernels with the same bandwidth h n1 . A nonparametric estimator of the density
in the denominator of (16) can be defined in a similar way by replacing y 2j with (1 − y 2j ). As before, these nonparametric estimators differ from those adopted by Lee (1995) only because we use Gaussian kernels, instead of bias-reducing kernels. Thus the conditional probability π 1|1 (δ) is estimated by
and an SML estimator δ is obtained by maximizing the log-likelihood function (10), where the unknown probability functions are replaced by Lee (1995) shows that, under mild regularity conditions, the resulting SML estimator is √ n consistent and asymptotically normal. Furthermore, its asymptotic variance is very close to the efficiency bound of semiparametric estimators for this type of model.
Stata commands

Syntax of SNP commands
The new Stata commands snp, snp2, and snp2s estimate the parameters of the SNP binary-choice models considered in this article. In particular, snp fits a univariate binary-choice model, snp2 fits a bivariate binary-choice model, while snp2s fits a bivariate binary-choice model with sample selection. The general syntax of these commands is as follows:
maximize options where each equation is specified as
snp, snp2, and snp2s are implemented for Stata 9 by using ml model lf. These commands share the same features of all Stata estimation commands, including access to the estimation results and the options for the maximization process (see [R] maximize). fweights, pweights, and iweights are allowed (see [U] 14.1.6 weight). Most of the options are similar to those of other Stata estimation commands. A description of the options that are specific to our SNP commands is provided below.
Options of SNP commands
order(#) specifies the order R to be used in the univariate Hermite polynomial expansion. The default is order(3).
order1(#) specifies the order R 1 to be used in the bivariate Hermite polynomial expansion. The default is order1(3).
order2(#) specifies the order R 2 to be used in the bivariate Hermite polynomial expansion. The default is order2(3).
robust specifies that the Huber/White/sandwich estimator of the covariance matrix is to be used in place of the traditional calculation (see [U] 23.11 Obtaining robust variance estimates).
11 from(matname) specifies the name of the matrix to be used as starting values. By default, starting values are the estimates of the corresponding probit specification, namely, the probit estimates for snp, the biprobit estimates for snp2, and the heckprob estimates for snp2s.
dplot(filename) plots the estimated marginal densities of the error terms. A Gaussian density with the same estimated mean and variance is added to each density plot. For the snp command, filename specifies the name of the density plot to be created. For snp2 and snp2s, three new graphs are created. The first is a plot of the estimated marginal density of U 1 and is stored as filename 1. The second is a plot of the estimated marginal density of U 2 and is stored as filename 2. The third is a combination of the two density plots in a single graph and is stored as filename.
Syntax of SML estimators
The new Stata commands sml and sml2s estimate the parameters of the SML models discussed in this article. sml fits a univariate binary-choice model, and sml2s fits a bivariate binary-choice model with sample selection. The general syntax of these commands is as follows:
sml and sml2s are implemented for Stata 9 by using ml model d2 and ml model d0, respectively. In this case, ml model lf cannot be used because SML estimators violate 11. As pointed out by an anonymous referee, for a finite R, the SNP model can be misspecified and the robust option accounts for this misspecification in estimating the covariance matrix of the SNP estimator.
the linear-form restriction. 12 Unlike the SNP commands, pweight and robust are not allowed with sml and sml2s commands. Although this may be a drawback of our SML routines, it is important to mention that SML estimators impose weaker distributional assumptions than the SNP estimators and they are also robust to the presence of heteroskedasticity of a general but known form and heteroskedasticity of an unknown form if it depends on the underlying indexes (see Klein and Spady [1993] ). A description of the options that are specific to our SML commands is provided below.
Options bwidth(#) specifies the value of the bandwidth parameter h n . The default is h n = n −1/6.5 , where n is the overall sample size.
bwidth1(#) specifies the value of the bandwidth parameter h n used for nonparametric estimation of the selection probability π 1 (δ 1 ). The default is h n = n −1/6.5 , where n is the overall sample size.
bwidth2(#) specifies the value of the bandwidth parameter h n1 used for nonparametric estimation of the conditional probability π 1|1 (δ 1 , δ 2 ). The default is h n1 = n −1/6.5 1 , where n 1 is the number of selected observations. from(matname) specifies the name of the matrix to be used as starting values. By default, starting values are the estimates of the corresponding probit specification, namely, the probit estimates for sml and the heckprob estimates for sml2s.
Further remarks
1. SNP and SML estimators typically require large samples. Furthermore, since the log-likelihood functions of these estimators are not globally concave, it is good practice to check for convergence to the global maximum rather than a local one by using the from option.
2. Asymptotic properties of the SNP estimators require that the degree R of the Hermite polynomial expansion increases with the sample size. In particular, snp generalizes the probit model only if R ≥ 3 (see Gabler, Laisney, and Lechner [1993] ). For snp2 and snp2s, the error terms may have skewness and kurtosis different from those of a Gaussian distribution only if R 1 ≥ 2 or R 2 ≥ 2. In practice, the values of R, R 1 , and R 2 may be selected either through a sequence of likelihood-ratio tests or by model-selection criteria such as the Akaike information criterion or the Bayesian information criterion (see the lrtest command).
3. SML estimation uses Gaussian kernels with a fixed bandwidth. Asymptotic properties of the SML estimators require the bandwidth parameters to satisfy the restrictions n −1/6 < h n < n −1/8 and n
. In practice, one may
12. An extensive discussion on the alternative Stata ML models can be found in Gould, Pitblado, and Sribney (2006) .
either experiment with alternative values of h n and h n1 in the above range or use a more sophisticated method like generalized cross validation (see Gerfin [1996] ).
4. The proposed estimators are more computationally demanding than the corresponding parametric estimators because of both the greater complexity of the likelihood functions and the fact that they are written as ado-files. The number of iterations required by SNP estimators typically increases with the order of the Hermite polynomial expansion. Convergence of SML estimators usually requires a lower number of iterations, but they are more computationally demanding since kernel regression is conducted at each step of the maximization process. For both types of estimators, estimation time further depends on the number of observations and the number of covariates.
Examples
This section provides illustrations of the SNP and SML commands using simulated data, which allows us to have a benchmark for the estimation results. The Stata code for our data-generating process is . * Data generating process . clear all . set seed 1234
. matrix define sigma=(1,.5\.5,1) . quietly drawnorm u1 u2, n(2000) corr(sigma) double . generate double x1=(uniform()*2-1)*sqrt(3)
. generate double x2=(uniform()*2-1)*sqrt(3) . generate double x3=invchi2(1,uniform()) . generate x4=(uniform()>.5)
. generate y1=(x1-x3+2*x4+u1>0) . generate y2=(x2+.5*x3-1.5*x4+u2>0)
Error terms are generated from a bivariate Gaussian distribution with zero means, unit variances, and a correlation coefficient equal to 0.5. The set of covariates includes four variables: X 1 and X 2 are independently drawn from a standardized uniform distribution on (−1, 1), X 3 is drawn from a chi-squared distribution with 1 degree of freedom, and X 4 is drawn from a Bernoulli distribution with a probability of success equal to 0. Estimated coefficients and standard errors are very close to the corresponding probit estimates. SNP coefficients are not significantly different from zero, and a likelihoodratio test of the probit model against the SNP model does not reject the Gaussianity assumption. Estimates of skewness and kurtosis are also close to the Gaussian values of 0 and 3, respectively. In general, however, a very large-sample size, of say 10,000 observations, is necessary to obtain accurate estimates of these higher order moments. 13 The post option in nlcom causes this command to behave like a Stata estimation command. Below we use these normalized estimates of the snp command as starting values for the sml command:
. sml y1 x3 x4, offset(x1) from(b0, copy) nolog SML Estimator - Klein & Spady (1993) Number Identifiability of the model parameters is obtained by constraining the coefficient of the continuous variable X 1 to one through the offset option (the nonconstant option is always specified by default). In this case, the bandwidth parameter is set to its default value, namely, h n = n −1/6.5 . Overall, estimated coefficients and standard errors are again very close to their probit estimates.
In The SNP estimates with R 1 = R 2 = 3 are given by
. snp2 (y1=x1 x3 x4, noconstant) (y2=x2 x3 x4, noconstant), dplot(gr) By specifying the noconstant options, the intercept coefficients are normalized to zero and starting values are set to the estimates of the bivariate probit model with no intercept. Once differences in the scale of the error terms are taken into account, the estimated coefficients of biprobit and snp2 seem to be very close. As explained in section 3, the bivariate probit model is nested in the bivariate SNP model only if the correlation coefficient ρ is equal to zero. Accordingly, a likelihood-ratio test for the Gaussianity of the error terms cannot be used. Furthermore, it is important to notice that snp2 and snp2s do not provide standard errors and confidence intervals for the estimated correlation coefficient. If this is a parameter of interest, inference can be carried out via the bootstrap, although this alternative can be computationally demanding. The estimated correlation coefficient is indeed provided as an estimation output in e(rho). Figure 1 shows the plots of the two estimated marginal densities obtained by specifying the dplot option. The snp2s estimates of the same model with (R 1 , R 2 ) = (4, 3) are given by . snp2s y2 x2 x3 x4, select(y1=x1 x3 x4) order1 (4) As a final example, we provide estimates obtained from the sml2s command by setting h n = n −1/6.5 and h n1 = n −1/6.02 1 .
. quietly summarize y2 . local bw2=1/(r(N)^(1/6.02)) . sml2s y2 x3 x4, select(y1=x3 x4, offset(x1)) offset(x2) bwidth2(`bw2´) nolog The first two lines provide a simple way to specify alternative values for the bandwidth parameters. Here we are implicitly assuming that the number of nonmissing observations on Y 1 is equal to the size of the estimation sample. If this is not the case, because of missing data on the covariates, the summarize command on the first line should be appropriately restricted to the relevant estimation sample.
Monte Carlo simulations
To investigate the finite sample properties of the SNP and SML estimators, we conducted a set of Monte Carlo simulations. The aim of this experiment is to investigate both the efficiency losses of the these estimators relative to the parametric probit ML estimator in the Gaussian case, and the effectiveness of the proposed estimators under different non-Gaussian distributional assumptions.
Overall, our Monte Carlo experiment consists of four simulation designs and three sample sizes (500, 1000, and 2000). In each design, simulated data were generated from the following bivariate latent regression model
where the true parameters are β 11 = β 21 = β 22 = 1 and β 12 = −1. The regressors X 11 and X 21 were independently drawn from a uniform distribution with support (−1, 1), while X 12 and X 22 were independently drawn from a chi-squared distribution with 1 and 3 degrees of freedom, respectively. All the regressors were standardized to have zero means and unit variances. Simulation designs differ because of the distributional assumptions made on the latent regression errors U 1 and U 2 (see table 1). In Design 1, the error terms were generated from a bivariate Gaussian distribution with zero means, unit variances, and correlation coefficient ρ = −0.5. In Designs 2-4, the error terms were generated from a mixture of two bivariate Gaussian distributions with equal covariance matrices,
where π is the mixing probability, and the f j (·, ·; m j , Ω), j = 1, 2, are bivariate Gaussian densities with mean m j = (m j1 , m j2 ) and covariance matrix
The theoretical moments of this bivariate mixture are
By varying the mixing probability π and the parameters of the two Gaussian components f 1 (U 1 , U 2 ; m 1 , Ω) and f 2 (U 1 , U 2 ; m 2 , Ω), one can then define a family of bivariate mixtures with given skewness, kurtosis, and correlation coefficient.
14 Table 1 gives the skewness and kurtosis used in each design. The latent regression errors were generated from an asymmetric and mesokurtic distribution in Design 2, a symmetric and platykurtic distribution in Design 3, and an asymmetric and leptokurtic distribution in Design 4.
15 Error terms were then standardized to have zero means, unit variances, and correlation coefficient ρ = −0.5 in each design. Stata code for the data-generating process of the non-Gaussian designs is . * Data generating process -non-Gaussian designs . clear all . set seed 1234
. matrix define var= (`v1´,`cov´\`cov´,`v2´) . matrix define mu1=(`mu11´,`mu21´) . matrix define mu2= (`mu12´,`mu22´) . quietly drawnorm u11 u21, n(`sample´) m(mu1) cov(var) double . quietly drawnorm u12 u22, n(`sample´) m(mu2) cov(var) double . quietly generate d1=(uniform()<`pi´)
. quietly generate double u1=u11 if d1==1 . quietly generate double u2=u21 if d1==1 . quietly replace u1=u12 if d1==0
. quietly replace u2=u22 if d1==0 . local m1=(`pi´*`mu11´) + (1-`pi´)*(`mu12´) . local m2=(`pi´*`mu21´) + (1-`pi´)*(`mu22´)
. local sd1=sqrt(`v1´+`pi´*(1-`pi´)*(`mu12´-`mu11´)^2) . local sd2=sqrt(`v2´+`pi´*(1-`pi´)*(`mu22´-`mu21´)^2) . quietly replace u1=(u1-`m1´)/`sd1.
quietly replace u2=(u2-`m2´)/`sd2. quietly generate double x11=(uniform()*2-1)*sqrt(3)
. quietly generate double x21=(uniform()*2-1)*sqrt(3) . quietly generate double x12=(invchi2(1,uniform())-1)/sqrt(2) . quietly generate double x22=(invchi2(1,uniform())-3)/sqrt(6)
. quietly generate double y1s=`b11´*x11+`b12´*x12+u1 . quietly generate double y2s=`b21´*x21+`b22´*x22+u2
where the mixing probability pi and the set of parameters (mu11, mu12, mu21, mu22, v1, v2, cov) are chosen to obtain the selected levels of skewness, kurtosis, and correlation coefficient (see Preston [1953] ).
Throughout the study, comparability of the probit, SNP, and SML estimators is obtained by imposing the scale normalization β 11 = β 21 = 1. For the parametric probit and the SNP estimators the normalization is imposed on the estimation results by taking the ratio of the estimated coefficients β 12 /β 11 and β 23 /β 21 , while for the SML estimator the normalization is directly imposed on the estimation process by constraining the coefficients of X 11 and X 21 to one. We always used the default starting values for the SNP and SML estimators. Furthermore, SNP and SML estimation were performed with prespecified values of R and h n , respectively. To save computational time, no check was undertaken to investigate convergence to the global maximum rather than a local one, and we used rule-of-thumb values for R and h n .
Tables 2-4 focus on the univariate binary-choice model for Y 2 and present summary statistics for the simulation results from 1000 replications with sample sizes 500, 1000, and 2000, respectively.
16 The normalization restrictions imply that there is only one free parameter in the model whose true value is 1. SNP estimation was performed under three alternative choices of R (with R = 3, 4, 5) as degree of the univariate Hermite polynomial expansion, while SML estimation was performed under three alternative values of the bandwidth parameter h n = n −1/δ (with δ = 6.02, 6.25, 6.5). According to our simulation results, efficiency losses of the SNP and the SML estimators in the Gaussian design (Design 1) are rather small. In particular, the relative efficiency of the SNP estimator relative to the probit estimator ranges between 74% and 89%, while the relative efficiency of the SML estimator relative to the probit estimator ranges between 78% and 83%.
17
A comparison of the three estimators in the non-Gaussian designs further suggests that SNP and SML estimators substantially dominate the probit estimator, specially in Designs 2 and 4 where error terms are generated from asymmetric distributions. First, the bias of the probit estimator is about 10% in Design 2 and about 6.5% in Design 4, while the bias of SNP and SML estimators never exceed 1.5%. Second, the ratios between the mean squared estimates (MSE) of the probit estimator and the MSEs of the two semiparametric estimators range between 1.7 and 5.3 in Design 2, and between 1.2 and 3.3 in Design 4. As expected, efficiency gains of the SNP and SML estimators relative to the probit estimator always increase as the sample size becomes larger. Third, the actual rejection rate of the Wald test for the probit estimate being equal to the true value of the parameter is quite far from the nominal value of 5%, while the actual rejection rates of the Wald tests for the SNP and SML estimates converge to their nominal values as the sample size becomes larger.
16. For each simulation design and selected sample size, we provide average and standard deviation of the estimates, mean square error of each comparable estimator, and rejection rate of the Wald test for each estimated coefficient being equal to its true value. 17. Results on the SNP estimator are consistent with the simulation results of Klein and Spady (1993) who find a relative efficiency of 78% on different simulation designs. Tables 5-7 provide simulation results of the bivariate binary-choice model for Y 1 and Y 2 . The normalization restrictions now imply that there are two free parameters in the model, one in equation 1 whose true value is −1 and one in equation 2 whose true value is 1. In this set of simulations, we compare performances of the bivariate probit estimator with those of the SNP estimator with R 1 = R 2 = 4. As for the univariate model, we find that efficiency losses of the SNP estimator in the Gaussian cases are very small. In this case, however, a larger sample size is usually needed to obtain substantial reductions in the MSE. Most of the efficiency gains typically occur for the coefficients of the second equation where there are stronger departures from Gaussianity (see table 1 ). Although rejection rates of the Wald tests for the SNP estimates are better than those for the bivariate probit estimates, they are still far from their nominal values even with a sample size n = 2000. This poor coverage of the SNP estimator is likely to be due to the incorrect choice of R 1 and R 2 . In other words, the bivariate distribution of the latent regression errors may not be nested in the SNP model for the selected values of R 1 and R 2 . For this kind of model misspecification, the coverage of the SNP estimator could be improved by using the Huber/White/sandwich estimator of the covariance matrix. Here our Monte Carlo simulations are based on the traditional calculation of the covariance matrix to make the results of the SNP estimator comparable with those of the SML estimators. 18. As explained in section 5.2, the SML commands do not support the robust option for the Huber/White/sandwich estimator of the covariance matrix. Finally, tables 8-10 provide simulation results of the bivariate binary-choice model with sample selection for Y 1 and Y 2 . In this case, selectivity was introduced by setting Y 2 to missing whenever Y 1 = 0. As for the bivariate model without sample selection, the normalization restrictions imply that there are two free parameters in the model, one in the selection equation whose true value is −1 and one in the main equation whose true value is 1. In this case, we compare performances of the bivariate probit estimator with sample selection, the SNP estimator with R 1 = 4 and R 2 = 3, and the SML estimator with h n = n −1/6.5 and h n1 = n −1/6.5 1
. Our simulation results suggest again that efficiency losses of SNP and SML estimators with respect to a correctly specified probit estimator are rather small in both equations (namely, 87% and 80% in the first equation, and 86% and 70% in the second equation). In the non-Gaussian cases, the probit estimator is instead markedly biased and less efficient than the SNP and SML estimators specially in the presence of asymmetric distributions and relatively largesample sizes. As before, the actual rejection rates of the Wald tests for the SNP and SML estimates are better than those for the parametric probit estimates, but they are still far from their nominal values of 5%. These coverage problems are likely to be due to the incorrect choice of the degree of the Hermite polynomial expansion and the bandwidth parameters, respectively. Given the computational burden of our Monte Carlo simulations, investigating the optimal choice of these parameters is behind the scope of this article. We leave this topic for future research. 
